In this paper we propose a simple method of testing for cointegration in models that allow for multiple shifts in the long-run relationship. The procedure consists of carrying out conventional residual-based tests with standardized residuals from an appropriate Markov switching model. Our Monte Carlo results show that standard tests work well, even though their asymptotic validity can be questioned because they are not based on least-squares residuals. An empirical application to the present-value model of stock prices is also discussed.
Introduction
Regime changes have always been a major concern when modelling economic time series. Accounting for parameter shifts becomes crucial in cointegration analysis since it normally involves long spans of data, which, consequently, are more likely to display structural breaks. In recent years, many methods have been developed to detect and test for structural breaks in models with cointegrated variables (see, inter alia, Hansen, 1992; Bai et al., 1998; Kuo, 1998; Seo, 1998) . A different issue is that of testing for cointegration when regime shifts may be present in the data. In fact, in such cases conventional procedures to test for cointegration may lead to erroneous inferences, as discussed in Campos et al. (1996) , , and Gabriel et al. (2001) , inter alia. To deal with this problem, Gregory and Hansen (1996) proposed cointegration tests in models that allow for regime changes, while Inoue (1999) developed procedures to test for cointegration in the presence of breaks in the deterministic trend.
A shortcoming of the above-mentioned work is that it either considers a one-off deterministic break only, or it assumes that the location of break points is known a priori when cointegration is being tested. In many cases, these are very restrictive assumptions, especially when the sample covers a long period of time. In this paper, we consider an alternative way of testing for cointegration in cases where the long-run equilibrium relationship may be subject to arbitrarily many shifts at unknown locations. More specifically, we follow Hall et al. (1997) in assuming that the parameters of the cointegrating relationship undergo occasional discrete changes that are governed by a hidden Markov process with stationary transition probabilities. This stochastic structure generalizes single-shift cointegration models by allowing for an unspecified number of (randomly occurring) breaks in the cointegrating parameters, and is general enough to encompass a broad range of instability patterns that are observed in practice, including single permanent changes in regime. It is also consistent with the notion of multiple equilibria encountered in many theoretical models of economic behaviour, with each cointegrating regime representing an equilibrium condition. The parameters of time-varying cointegrating relationships of this type can be estimated by maximum likelihood (see, e.g., Hamilton, 1994, Ch. 22) , so cointegration can be tested subsequently by means of standard unit-root and / or stationarity tests based on the standardized residuals from the Markov switching cointegrating regression. Such tests for cointegration were first considered by Hall et al. (1997) , who used Monte 1 Carlo simulation to estimate the sampling distributions of the test statistics under the null hypothesis. Since, however, each Monte Carlo replication involves numerical maximization of the likelihood function for a Markov switching model, the computational cost of this test procedure is high. Here, we investigate the simpler possibility of using the residual-based cointegration test statistics in conjunction with standard critical values, even though these statistics are not based on ordinary least squares (OLS) residuals. As we shall see, the standard asymptotic null distributions of the test statistics provide a very good approximation to the true sampling distributions, so simple tests for cointegration in the presence of Markov changes in the cointegrating parameters can be easily constructed.
To motivate our analysis, the next section of the paper discusses an empirical example involving US data on stock prices and dividends. Section 3 investigates the small-sample properties of several residual-based cointegration tests by means of Monte Carlo experiments. Section 4 summarizes and concludes.
An empirical example
To motivate the problem of testing for cointegration when several regime shifts have occurred, we consider a simple empirical example based on US annual data on real stock prices and dividends for the period 1900-1995. Several studies have focused on present-value models of stock prices and dividends, albeit without providing conclusive evidence, possibly because they fail to account for regime changes. Fig. 1 shows plots of the two time series, and the abrupt changes in the path of the variables is evident. Bonomo and Garcia (1994) and Driffill and Sola (1998) explained the deviations from stock-price fundamentals by allowing the dividends process, as well as the present-value relationship itself, to switch between two regimes. Nevertheless, neither study addressed the issue of whether stock prices and dividends are cointegrated or not. Given that the series appear to be nonstationary, we attempt to answer this question.
Usual residual-based cointegration tests, such as those based on augmented Dickey-Fuller (ADF ) or Phillips-Perron type statistics, are known to suffer from substantial power losses when breaks in the series are present (see Gabriel et al., 2001) . This means that the tests tend to not reject the null of no cointegration in favour of the alternative of an invariant cointegrated relationship. On the other hand, tests for the null of cointegration are severely oversized in the presence of structural breaks, i.e., they tend to reject the hypothesis of cointegration, albeit one with stable cointegrating parameters (see Gabriel et al., 2001 ). The reason is that the residuals from cointegrating regressions capture unaccounted breaks and thus typically exhibit nonstationary behaviour. The researcher may in this case resort to the tests of Gregory and Hansen (1996) , which are designed to be robust with respect to shifts in the cointegrating vector. Table 1 presents the results from a set of cointegration tests which includes the residual-based ADF,Ẑ , and Z tests discussed in Phillips and Ouliaris (1990) , the corresponding tests of Gregory and dividends (see Saikkonen, 1991; Stock and Watson, 1993) . All tests of the null hypothesis of no cointegration fail to reject, and the MLS test clearly rejects the null hypothesis of a (stable) long-run relationship between stock prices and real dividends. Note, in particular, that the Gregory-Hansen tests fail to indicate the presence of cointegration. This is not perhaps surprising since the tests have been designed to be robust with respect to a single change in the cointegration vector and do not take into account potentially changing variances (see Gabriel et al., 2001) . If more than one shift in the cointegrating parameter has occurred, the residuals of the cointegrating regressions will reflect this by appearing to be nonstationary, as can indeed be seen in Fig. 2 . Furthermore, the tests for parameter instability proposed by Hansen (1992) , also presented in Table 1 , clearly lead to rejection of the null hypothesis of constancy of the cointegrating parameter. Hence, using standard tools, a researcher is likely to find evidence against the existence of cointegration between the two variables in our data set. How do the results change if, like Hall et al. (1997) , one allowed for the possibility that long-run Table 2 records the results from fitting the Markov-switching system in Eqs.
(1) and (2) to our 7 stock price and dividend data, using the procedure described in Driffill and Sola (1998) . In regime 0, we have a low-growth / high-volatility state in the dividends process, with cointegrating parameterb 5 19.3636, while regime 1 corresponds to a high-growth / low-volatility state with b 5 30.0884. Furthermore, the estimated transition probabilities are very large, suggesting that both regimes are highly persistent. It is also worth noting that the estimates of the cointegrating parameter contrast sharply with the results in Table 1 for the constant-parameter model, where b 5 25.356, which is approximately the average of the estimates for the two regimes. Driffill and Sola (1998) .
7 The (Gaussian) maximum likelihood estimate of the parameter vector q 5
obtained by means of the Broyden-Fletcher-Goldfarb-Shanno quasi-Newton optimization algorithm. The corresponding asymptotic standard errors were computed using the prewhitened quadratic spectral kernel estimator of Andrews and Monahan (1992) and their data-dependent bandwidth selector.
In order to test for cointegration, we employ some of the tests considered before in Table 1 , but which are now based on the standardized residuals from the Markov switching model in Eq. (1). These residuals are computed as 2 2 21 / 2ˆˆû
where p 5 Pr(s 5 juy , x , . . . y , x ; q ), j 5 0,1, is the estimated probability that the regime at time t j t 1 1 t t is j, given currently available information. The idea is that, by allowing for an unspecified number of regime changes in the estimation step, residuals will be free of outliers due to breaks, and therefore will replicate the stationary behaviour of the true errors.
From the results shown in Table 2 , it is now possible to conclude that there is strong evidence favouring the existence of cointegration between stock prices and dividends. Indeed, all tests with cointegration as the alternative hypothesis clearly reject (at the 1% level of significance) the null hypothesis of no cointegration. In addition, the MLS test also indicates that the standardized residuals are stationary. This is also supported by observation of Fig. 3 , in which the plotted standardized residuals appear to be stationary.
Obviously, one needs to ensure that such cointegration tests have good size and power properties. Thus, in the next section, we undertake a small Monte Carlo study to assess the properties of the approach outlined above. The empirical relevance of our simulation analysis is ensured by using the estimates reported in Table 2 to define our data-generating process (DGP).
Monte Carlo analysis
In this section, we present a set of Monte Carlo experiments, where we take model (1)-(2) and the corresponding estimates as our DGP and evaluate the properties of cointegration tests when standardized residuals from the Markov model are used. In our simulations, the innovations v in Eq. extent to which the system is out of long-run equilibrium, is simulated as an autoregressive process u 5 ru 1´,´| n. . The last pair of transition probabilities, despite being empirically less plausible, is interesting from a theoretical point of view since it implies that the Markov chain that drives the changes in regime is not serially correlated. The selected sample size is T 5 100, which is approximately of the size of the sample used in our empirical example. Table 3 reports the empirical rejection frequencies of the cointegration tests at the 1, 5 and 10% significance levels. The columns with r 5 1 show the empirical Type I error probabilities of tests witĥn ull of no cointegration (ADF, Z , Z ), and the empirical power of tests with the null of cointegration that most closely resembles our empirical model (r 5 0.5), all tests have very good small-sample properties.) Finally, the performance of the tests is virtually the same for different values of the transition probabilities, even for DGP D, where switching between regimes is very frequent.
Summary
In this paper, we have explored a simple yet effective way of testing for cointegration when the long-run relationship is subject to multiple changes. By allowing the cointegrating relationship to shift randomly between two different regimes, an appropriate Markov switching model can be fitted to the data and conventional tests based on the standardized residuals of the model can be used to test for cointegration. Although it is reasonable to expect the null sampling distributions of the cointegration test statistics to be affected by the fitting of the Markov model, Monte Carlo simulations show that the tests have virtually no size distortions when used in conjunction with standard critical values. The test procedure has been illustrated by testing for cointegration between US stock prices and dividends.
